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This paper focuses on the free vibration and dynamic response to external time-dependent loads of aircraft wings

modeled as thin-walled anisotropic composite beams carrying eccentrically located heavy stores. In this context,

bending–twisting coupling induced by both the eccentric heavy stores arbitrarily located along the wing span and

chordandby the anisotropy of the constituentmaterial that is essentialwhendealingwith aircraftwing problemswas

included in the approach of the problem. In addition to the anisotropy of constituent materials, transverse shear and

warping restraint effects were also incorporated. The governing equations of the wing-store system and the related

boundary conditions are derived viaHamilton’s principle. To solve the eigenvalue/boundary problems, the extended

Galerkin method is applied. Numerical simulations highlighting the implications of external stores coupled with the

implementation of the structural tailoring on eigenfrequency and dynamic response to external time-dependent

loads are supplied and pertinent conclusions are outlined.

Nomenclature

aij = one-dimensional global stiffness coefficients
bi = mass terms
Jxxi , Jyyi , J

zz
i = ith store’s mass moment of inertia about xi, yi,

and zi, respectively, taken in the numerical
simulations to be nondimensional

L = wing semispan
mi, �mi = mass of the ith store and its dimensionless

(� mi=mw) counterpart
ri, �ri = offset between the centroid of the ith store and

the central line of the clean wing and its
dimensionless (� ri=L) counterpart,
respectively, positive forward

uo, v0, wo = displacements in the X, Y and Z directions,
respectively

X, Y, Z = global coordinate system
xi, yi, zi = local coordinate system associated with the

store’s centroid, i� 1; n
Zi, �i = ith mass location along the wing span and its

dimensionless (� Zi=L) counterpart,
respectively

�D, � = Dirac delta function and the variation operator,
respectively

� = ply angle
�X , �Y , � = elastic rotations about the X and Y axes and the

twisting (positive nose-up) about the Z axis
!i,$i = eigenfrequencies and their dimensionless

counterparts (!i=!0), respectively, where !0 �
25:045 rad=s is the fundamental eigenfrequency
corresponding to the clean wing and �� 0 deg

Introduction

A IRCRAFT wings, both civil and military, are designed to carry
heavy external stores along the wing span and chord. Although

the stores in military aircraft are usually associated with fuel tanks
andmissiles, in transport aircraft the stores consist of large and heavy
engines, fuel tanks, or tip stores such as winglets. Depending on their
size and location, drastic changes of natural frequencies, dynamic
response to time-dependent external excitation, and flutter instability
can occur. To achieve a reliable design, a good understanding of their
implications is required. To this end, an encompassing structural
model of an advanced wing-store system is needed. In this paper, the
clean wing is modeled as a thin-walled composite beam that includes
the anisotropy and heterogeneity of its material as well as transverse
shear and primary and secondary warping. In this context,
specialized wing models have been used: Gern and Librescu [1–3]
investigated the aeroelastic instability of aircraft wings carrying
external stores and (following the developments carried out by
Karpouzian and Librescu [4,5]) modeled the wing as a laminated
composite plate beam. In [6–11], various problems related with the
modeling, free vibration, dynamic response, and active control of
aircraft wings carrying externally mounted stores were addressed, in
which the wing was modeled as a thin-walled beam featuring the
pure bendingmotion only. A study based on the same assumptions as
in [6–11] was developed in [12] (Chapter 8). In this paper, aircraft
wings are modeled as a thin-walled anisotropic composite beam
carrying external stores, arbitrarily located along the wing span and
chord, and in this context, the free vibration and the dynamic
response to time-dependent external excitations are investigated.
However, in contrast to what was done in [6–12], herein, a doubly
bending–twisting coupling is involved: one elastic (due to the
anisotropy of constituent materials of the wing) and the other
structural (due to the store offset with respect to the wing’s centroidal
line).

Kinematics and Assumptions

To reduce the 3-D elasticity problem to an equivalent 1-D
problem, the components of the displacement vector are represented
as [12–15]

u�X; Y; Z; t� � uo�Z; t� � Y��Z; t� (1)

v�X; Y; Z; t� � vo�Z; t� � X��Z; t� (2)
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w�X; Y; Z; t� �wo�Z; t� � �X�Z; t�
�
Y�s� � n dX

ds

�

� �Y�Z; t�
�
X�s� � n dY

ds

�
��0�Z; t��Fw�s� � na�s�� (3)

In Eqs. (1–3), as well in some of the next equations, the displacement
quantities used in the study are underscored by a solid line. In these
equations, uo, v0, andwo denote the rigid-body translations along the
X,Y andZ axes, respectively; �X , �Y , and� denote the rotations about
the X and Y axes and the twisting about the Z axis, respectively; and
Fw�s� and na�s� play the role of primary and secondary warping
functions, respectively. Two sets of coordinate systems are
considered: an inertial frameOXYZ with the associated unit vectors
�I; J;K� (see Fig. 1) and a body-fixed frameoxyzwith the associated
unit vectors �i; j;k� attached to the external stores.

Toward the modeling of the wing-store system, the following
assumptions are adopted:

1) The original cross-section of the wing is preserved.
2) Both primary and secondary warping effects are included.
3) Transverse shear effects are incorporated.
4) The constituent material of the structure features anisotropic

properties and, in this context, a special layup-inducing transverse
shear-transverse bending–twisting elastic coupling is implemented,
referred to as a circumferentially asymmetric stiffness configuration
(CAS) (see [12–16]).

5) The stores are arbitrarily located along thewing span and chord.
Because the relevant governing equations of motion and the
boundary conditions are obtained via Hamilton’s principle (HP), the
expressions of kinetic energies associated with the external stores, as
well as with the clean wings and that of the strain energy, should be
provided.

The CAS implies that the ply-angle distribution fulfills the
relationships [12–16]

��Y� � ����Y� (4a)

��X� � ����X� (4b)

where � denotes the ply angle that is represented in Fig. 1.
As the results of Eqs. (4) indicate, the flapping–twisting motion

that is of primary interest in the present context and involves the
variables vo�Z; t�, �X�Z; t�, and ��Z; t� is exactly decoupled in the
governing equations and the associated boundary conditions, from
the lagging–extension motion described by the variables uo�Z; t�,
wo�Z; t�, and �Y�Z; t�. In the kinetic energy, the two motions
associated with the flapping–twisting and the lagging–extension also
appear to be decoupled. However, in the kinetic energy associated
with stores, all the terms (namely, those associated with both
bending–twisting and lagging–extension) will be provided.

Kinetic Energies and the Strain Energy
of the Clean Wing

To derive the kinetic energies associated with the various
components of the system, the unit vectors �i; j;k� for the local
coordinate system should be expressed in terms of those of the global
coordinate system �I; J;K�. For the linear system, the correlation is
[12]
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The position vector of an arbitrary point of the ith external store
after deformation measured from zero can be expressed as

Ri�X;Y;Z;t��uoI�voJ��wo�Zi�K��ri�xi�i�yij�zik
�fuo�ri�xi�yi�� zi�YgI
�fv0��ri�xi���yi� zi�XgJ
�fwo�Zi��ri�xi��Y�yi�X�zigK (6)

where ri denotes the offset of the ith external store, measured from its
centroid to the centroidal axis of the clean wing, positive forward,
and �xi; yi; zi� are the coordinates of points of the ith store.
Postulating the symmetry of each individual store, the total kinetic
energy of all external stores can be expressed as

KS�
Xn
i�1
Ki�

Xn
i�1

1

2
�mi� _u2o� _v2o� _w2

o�� Jxxi _�
2
X�Jyyi _�

2
Y � Jzzi _�2

�mir
2
i � _�

2
Y � _�2�� 2miri� _� _vo� _�Y _wo���D�Z�Zi�dt (7)

In these equations, the index i� 1; n � 1 refers to the underwing
stores, i� n refers to the tip store,mi and Ji are themass and themass
moment of inertia of the ith external store, and �D denotes Dirac’s
delta function.

The expressions of kinetic Kw and strain energy Uw of the clean
wing, restricted to the CAS configuration, are

Kw �
1

2

Z
L

0

�b1 _v20 � �b4 � b5� _�2 � �b10 � b18�� _�0�2

� �b4 � b14� _�2x� dz (8)

Uw �
1

2

Z
L

0

�a33��0x�2 � a55�v00 � �x�2 � a66��00�2 � a77��0�2

� 2a37�
0
x�
0 � 2a56’

00�v00 � �x�� dZ (9a)

where the work is performed by the distributed external forces

�W � pY�Z; t��v0�Z; t� �Mx��x�Z; t� �MZ���Z; t� (9b)

In these equations, the aij andmij terms are associated with the 1-
D stiffness and mass terms, and their expressions can be found in
[12].

Governing Equations and Boundary Conditions

Toward the goal of deriving the equations of motion and the
associated boundary conditions, HP is used. It may be stated as

�J�
Z
t1

t0

��Uw � �Kw � �KS � �W� dt� 0 (10)

To induce the transverse bending–twisting elastic coupling that is
beneficial for the response behavior of aircraft wings and to apply the
tailoring technique, the circumferentially asymmetric stiffness
configuration is implemented [12,16] in the present case. Before
applyingHP to the present problem,we have to properly consider the
expressions of

Fig. 1 Thin-walled composite aircraft wing without stores (clean
wing): CAS ply-angle configuration.
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Z
t1

t0

�Ks dt

and Z
t1

t0

�Kw dt

in the sense of applying an integration by parts in their expressions
and enforcing Hamilton’s condition (e.g., see [17]); that is, by
considering �Vi � 0 at t� t0; t1, where �Vi denotes the variation of
any displacement involved in the present problem. As a result, from
Eq. (7), we will have

Z
t1

t0

�KS dt��
Z
t1

t0

Xn
i�1
�f�mi �uo��uo � �mi �vo �miri ����vo

� �mi �wo �miri ��Y��wo � �Jxxi ��X���X
� �miri �wo � �mir

2
i � J

yy
i � ��Y ���Y

� �miri �vo � �mir
2
i � Jzzi � �����g��D�Z � Zi� dt (11)

A similar procedure should be applied, of course, to the variation of
the kinetic energy associated with the wing [Eq. (8)].

Inserting Eqs. (8), (9), and (11) in Eq. (10), collecting the terms
associated with the same displacement variation, and considering
these to be arbitrary and independent, their coefficients in the
integrands of Eq. (10) should vanish independently. This yields the
governing equations

�vo: � �a55��X � v0o��0 � �a56�00�0 � b1 �vo

�
Xn�1
i�1
�mi �vo �miri ����D�Z � Zi� � pY�Z; t� (12)

��X: � �a33�0X�0 � �a37�0�0 � a55��X � v0o� � a56�00

� �b4 � b14� ��X �
Xn�1
i�1
�Jxxi ��X��D�Z � Zi� �MX�Z; t� (13)

��: �a66�00�00 � �a77�0�0 � �a56��X � v0o��00 � �a73�0X�0

� �b4 � b5 � b14 � b15� ��� ��b10 � b18� ��0�0

�
Xn�1
i�1
�miri �vo � �mir

2
i � Jzzi � ����D�Z � Zi� �MZ�Z; t� (14)

and the associated boundary conditions

at Z� 0; vo � �X � �� �0 � 0 (15)

at Z� L;

�vo: � a55��X � v0o� � a56�00 �mn �vo �mnrn ��� 0
(16)

��X: � a33�0X � a37�0 � Jxxn ��X � 0 (17)

��: �a66�00�0 � a77�0 � a73�0X � �a56�v0o � �X��0

� �b10 � b18� ��0 � �mnr
2
n � Jzzn � ���mnrn �vo � 0 (18)

��0: � a56�v0o � �X� � a66�00 � 0 (19)

In Eqs. (12–14), pY�Z; t�, MX�Z; t�, and MZ�Z; t� denote the
transversal load and the bending and twisting moments about the X
and Z axes, respectively.

It can be seen that the boundary conditions at the wing tip (Z� L)
are affected by the tip store. One should also remark that, consistent
with four boundary conditions at the wing root and tip, the governing
equation system is of the eighth order. As already indicated, the
coefficients aij and bi appearing in the preceding equations denote
stiffness and inertia quantities, respectively. The stiffness
coefficients intervening in the governing equation system and the
boundary conditions are the transverse bending stiffness a33,
twisting stiffness a77, transverse shear stiffness a55 in theY direction,
warping stiffness a66, twist-transverse shear coupling stiffness a56,
and bending–twisting cross-coupling stiffness a37. It becomes
apparent that these can exhibit a spanwise variation, in the sense of
aij � aij�Z�, and bij � bij�Z�, and as a result, based on Eqs. (12–
19), the case of wings of variable cross sections can be approached.

Time-Dependent External Load

In this paper, the dynamic response to explosive, sonic-boom, and
shock-wave types of time-dependent loads will be analyzed (in this
sense, see [12]).

In all these cases, the blast wave reaches its peak in such a short
time that the structure can be assumed to be loaded instantly.
Experimental evidence also suggests that the pressure generated by a
blast pulse is uniformly distributed over the beam span. As a result,
although for this case MX and MZ are zero-valued quantities, the
pressure pulse will exhibit only a time dependence.

In the cases of an explosive blast and sonic boom, the
overpressures can be expressed in a unified form as

pY�t� � Pm�1 � t=tp��H�t� � �bH�t � rtp�� (20)

where H�t� denotes the Heaviside step function; �b is a tracer that
takes the values 1 or 0, depending on whether the sonic-boom or the
triangular blast is considered, respectively; tb denotes the positive
phase duration of the pulse measured from the time of impact of the
structure; and r denotes the shock pulse length factor. For r� 1, the
sonic boom reduces to a triangular explosive pulse, and for r� 2, it
corresponds to a symmetric sonic-boom pulse, whereas for
1< r < 2, an asymmetric N-shaped pulse results. Pm denotes the
peak reflected pressure in excess to the ambient one.

A special case of blast and sonic-boom pulses corresponds to a
shock-wave modeled as a step pulse. This case is obtained from
Eq. (20) by considering tp !1 and �b.

Solution Methodology

Toward the goal of solving the eigenvalue/boundary-value
problems (that is, the free vibration and the dynamic-response
problem), the following representation of displacement functions is
used:

vo�Z; t�
�X�Z; t�
��Z; t�

0
@

1
A�

VT�Z�qv�t�
XT�Z�qx�t�
�T�Z�q��t�

0
@

1
A (21)

whereV,X, and� are the vectors of trial functions that are chosen to
satisfy, as a necessary requirement, the geometric boundary
conditions; qv, qX , and q� are the vectors of generalized coordinates;
and superscript T denotes transpose operation. For synchronous
motion, q�V� �Q exp�i!t�, whereQ is a constant vector and ! is a
constant-valued quantity, both generally complex. Following the
usual steps (e.g., see [13]) and discarding the transverse load, one
obtains the eigenvalue problem

� !2MQ�KQ� 0 (22)

where ! must satisfy the characteristic equation obtained from
det�K-!2 M� � 0. The matrices of mass [M] and stiffness [K] are
displayed in the Appendix. The solution of the system is based on the
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extended Galerkin method (EGM), in which context polynomials in
theZ coordinate are used as trial functions. By using this method, the
discretized equation for the dynamic response is

M �q�Kq� F (23)

whereF denotes the external force vector.Multiplying the preceding
equation by M�1, introducing the generalized velocities _q as an
auxiliary variable by means of the matrix identity _q� _q� 0, and
defining the state-space vector

X �
�
q

_q

�
(24)

Eq. (24) can be converted to state-space form as

_X�t� �AX�t� �BF�t� (25)

The solution of Eq. (26), providing the dynamic response, was
carried out via the transition matrix procedure in discrete time. In
continuous time representation, its solution is

X �t� ���t�X0 �
Z
t

0

��t � ��BF��� d� (26)

where ��t� � expA�t�.
In the present numerical simulations, X0 [� X�t� 0�] was

considered to be zero.

Numerical Simulations

The numerical simulations involve the behavior of the system
from the eigenfrequency and dynamic-response points of view, as
affected by the underwing and tip stores, by their location and the ply
angles that reflect the directional properties of the constituent
material of the aircraft wing. In these numerical results, the wing
structure is simulated as a uniform biconvex cross-sectional
composite beam, characterized by c� 1 m, L� 6 m, and
h� 0:01 m.

We will consider, unless otherwise stated, the case of two stores:
i� 1 is the underwing store of relative mass �m1 � 0:5, �r1 � 0:05,
Jxx1 � 0:01, and Jzz1 � 0:02, and i� 2 is the tip store characterized by
�mT � 0:2, �rT � 0:05, JxxT � 0:0051, and JzzT � 0:01.
The material properties of the wing structure correspond to T300/

5028 graphite/epoxy, as provided in Table 1.
The external time-dependent loads used in the dynamic-response

analysis consist of an explosive triangular pulse, sonic boom, and
step loadings. Their characteristics are provided in Table 2.

As is clearly seen, the dimensionless load amplitude pm was
selected to be the same for all considered cases, where a55�0� denotes
the stiffness a55 evaluated at �� 0.

Free Vibration

In the case of free vibration (pY � 0), a few results that reflect the
implication of the underwing and tip stores (as well as their location,

considered in conjunction with the ply angle) on various mode
eigenfrequencies are supplied.

In Fig. 2, B and T identify the pure bending and twisting
eigenfrequencies occurring at �� 0 and 90 deg, for which the
bending–twisting coupling stiffness a37 vanishes and, as a result, the
decoupling bending–twisting occurs. The results show that in the
presence of the store, a shift of the eigenfrequency maxima with
respect to �� 90 deg, proper to the case of the clean wing, is
experienced. In all cases, a drop of eigenfrequencies is occurring,
corresponding to the case of the wing with stores, compared with
those of the clean wing. This trend is similar to thos obtained via the
finite elementmethod in [18] and in the context of a solid beammodel
of the wing in [3].

In Figs. 3–7, the first five eigenfrequencies depicted in sequence
against the ply angle � are presented. In all of them, various scenarios
are presented, consisting of the clean wing (C), underwing store (U)
located at �1 � 0:5, tip store (T), and both stores (B).

The results reflect again the eigenfrequency disymmetry with
respect to the variation of � and that the ply angle can constitute a
powerful factor toward the increase of eigenfrequencies. They also
reveal that the natural frequencies of the wingwith underwing and/or
tip store are lower than those of the clean-wing counterpart.

The results of Fig. 8 reveal that the tip store results in a larger
decrease of eigenfrequencies than in the case of the underwing store,
a trend that is exacerbated in the case of higher mode
eigenfrequencies. One can also see that beyond a certain value of
the store mass that depends on the mode number, the decrease of
eigenfrequencies tends to be attenuate.

Figure 9 shows the bending free-vibration behavior (�� 0 deg)
of a wing carrying an underwing store of fixed mass and a tip store.
The results reveal again that the eigenfrequencies are lowered by
increasing the tip mass. It also clearly emerges that by increasing the

Table 1 Material characteristics of the constituent material

E1 � 137:919 
 109 N=m2 E2 � E3 � 9:654 N=m2

G12 � 5:517 
 109 N=m2 G23 � G31 � 4:138 
 109 N=m2

�21 � �31 � 0:021 �32 � 0:3 �� 1528:15 kg=m3

Table 2 Characteristics of the time-dependent loads

Dimensionless load amplitude pm � PmL=a55�0� � 10�4

Total load over the wing semispan PmL� 7597 N
Sonic boom tp � 0:25 s, r� 1:2, pm � 10�4

Triangular pulse tp � 0:3 s, pm � 10�4

Step loading pm � 10�4
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Fig. 2 Lowest five frequencies vs ply angle for a clean wing (solid line)

and for the wing with underwing and tip stores (dotted line), �m1 � 0:5,
�mT � 0:2.
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tip mass, the increase of the second mode eigenfrequency is shifted
outward, together with the shift outward of the node line of the
second bending mode number. This trend is consistent with that
theoretically and experimentally obtained in [3,19], respectively.

Figures 10–12 depict the variations of the first three
eigenfrequencies against the aspect ratio of the semiwing L=c for
three selected values of � in both underwing and tip stores.

The displayed results reveal that the increase of the wing aspect
ratio results in a decrease of eigenfrequencies, a decrease that is

stronger in the case of ply angle �� 90 deg than for �� 0 and
45 deg. Moreover, as clearly shown for high-aspect-ratio wings, the
higher mode eigenfrequencies of aircraft wings with stores
experience a smaller variation with the increase of the ply angle. In
other words, for large-aspect-ratio wings with stores, the structural
tailoring can provide only a modest increase of eigenfrequencies.

Big differences also appear in the eigenmodes of aircraft wings
with stores, compared with their clean wing counterparts. In this
sense, Figs. 13 and 14, depicting the first three eigenmodes in
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Fig. 3 First eigenfrequency vs ply angle �.
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Fig. 4 Second eigenfrequency vs ply angle �.

0

5

10

15

20

25

0 15 30 45 60 75 90 105 120 135 150 165 180

C
U
T
B

3

    θ (deg.)

ω
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Fig. 6 Fourth eigenfrequency vs ply angle �.
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bending and twisting, respectively, reveal the big difference between
those of the clean wing and the wing with stores.

Finally, it should also be mentioned that there is a perfect
superposition of results between all the findings supplied in [12]
(Chapter 8) regarding the variation of bending eigenfrequencies with
the location along the wing span of underwing stores of various mass
ratios and the counterparts obtained via the specialization of the

present structural model. For this reason, these results are not
supplied here.

Dynamic Response

The time history is shown in Fig. 15a for the transversal bending
amplitude and in Fig. 15b for the twisting amplitude of thewing tip to
a sonic-boom pulse in the case of an eccentrically located underwing
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Fig. 7 Fifth eigenfrequency vs ply angle �.
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Fig. 8 Variation of the first five eigenfrequencies with store mass;
underwing store only (solid line) and tip store only (dotted line);
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Fig. 9 Influence of dimensionless tip store mass �mT and underwing

store location on vibration frequencies of the first and second natural
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Fig. 10 First eigenfrequency vs aspect ratio L=c for ply angles �� 0,

45, and 90 deg; clean wing (dotted line) and wing with stores (solid line).
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store. Although for the bending response, the amplitudes are largest
for �m1 � 0:1 and lowest for �m1 � 0:9, for the twisting response, the
opposite situation takes place. This is especially true due to the fact
that for this case (�� 90 deg), the only source of the bending–
twisting coupling is due to the store offset. As a result, with the
increase of the store mass, the twisting amplitude also increases.

The dynamic response is considered in Fig. 16a for bending and in
Fig. 16b for twisting of the wing tip to a sonic-boom pulse for
selected store offsets. Although the effect of the offset on transversal
deflection amplitude appears to be immaterial, in the case of the

twisting time history for �r1 ��0:2 and �r1 � 0:2, the responses
exhibit mirror symmetry.

The dynamic response is considered in Fig. 17a for the deflection
and in Fig. 17b for the twisting measured at two different spanwise
locations (�1 � 0:5 and 1) of the wing exposed to a shock-wave
modeled as a Heaviside pulse.
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For the bending time history, the trend shows that the deflection
amplitude at the wing tip is larger than at the midspan. However,
keeping inmind that themaximum stiffness in twisting is reached for
�� 60 deg, the twisting amplitudes at these two locations appear to
be almost equal.

The time histories are presented in Fig. 18a for bending and in
Fig. 18b for twisting of thewing tip to three different dynamic pulses:
sonic-boompulse (solid line), triangular pulse (dashed line), and step
pulse (dotted line). The results reveal that for the transversal bending,
the step pulse appears to be the most severe among those considered

Fig. 15 Deflection and twisting dynamic response at the wing tip to a
sonic-boom pulse for m1 � 0:1 (solid line) and m1 � 0:9 (dotted line);

�� 90 deg; underwing store only.

Fig. 16 Deflection and twisting time histories due to a sonic-boompulse
for �r1 ��0:2 (solid line) and �r1 � 0:2 (dotted line); underwing store

only; �� 90 deg.

Fig. 17 Time history of a) deflection and b) twisting amplitudes at two
different locations; �1 � 0:5 (dotted line) and �1 � 1 (solid line) to a step

pulse; �� 60 deg; underwing store only.

Fig. 18 Deflection and twisting wing tip time histories of three different
loading configurations: sonic-boom pulse (solid line), triangular pulse

(dashed), and step load (dotted line); �� 90 deg; with both stores;

m1 � 0:5 and mT � 0:2.
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here, in the sense that a maximum deflection amplitude is resulting.
At the same time, the sonic-boom and the triangular pulses appear to
provide the same deflection amplitude in the free-vibration range.
For the twisting dynamic response, keeping in mind that the elastic
bending–twisting coupling stiffness a37 vanishes for �� 90 deg,
the twisting is generated by the offset of the underwing strip only. In
this case, it appears that the twisting amplitude time history does not
exhibit any difference with respect to the considered pressure pulse,
especially in the forced-motion range.

As evident from the previously displayed results, the variation of
the ply angle heavily influences the stiffness quantities and implicitly
influences the free vibration and dynamic response of the wing
structure.

To get a better understanding of the implications of the ply angle
and of the obtained trends, the variations with � of the basic stiffness
quantities a37, a77, a33, a55, and a56 are provided in Figs. 19a and
19b.

Before closing this section, it should be stressed that the model of
the clean wings considered in this paper was validated in [20] against
a large number of theoretical and experimental results, and excellent
agreements have been reached.

Conclusions

An encompassing composite structural wing model incorporating
a number of nonclassical effects was developed, its capabilities to
address eigenvibration and dynamic-response problems were
highlighted, and comparisons with some of the available results were
indicated.

This structural model can be successfully used to address issues of
aeroelastic instability and aeroelastic response.

Appendix: Mass and Stiffness Matrices

The matrices associated with the mass [M] and stiffness [K]
intervening in Eqs. (22) and (23) have the following form:

�M� �
M11 M12 M13

M21 M22 M23

M31 M32 M33

0
@

1
A (A1a)

�K� �
K11 K12 K13

K21 K22 K23

K31 K32 K33

0
@

1
A (A1b)

The entries of these two matrices are provided next.
Entries of the mass matrix:

M11 �
Z

L

0

�
b1VV

T �
Xn�1
i�1

miVV
T�D�Z � Zi�

�
dZ � �mnVV

T �z�L

(A2)

M13 �
Z
L

0

�Xn�1
i�1

miriV�
T�D�Z � Zi�

�
dZ � �mnrnV�

T �Z�L (A3)

M22 �
Z
L

0

�
�b4 � b14�XXT �

Xn�1
i�1

Jxxi XX
T�D�Z � Zi�

�
dZ

� �Jxxn XXT �Z�L (A4)

M31 �
Z
L

0

�Xn�1
i�1

miri�V
T�D�Z � Zi�

�
dZ � �mnrn�V

T �Z�L (A5)
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M33 �
Z
L

0

�
�b4 � b5 � b14 � b15���T � �b10 � b18��0�0T

�
Xn�1
i�1
�mir

2
i � Jzzi ���T�D�Z � Zi�

�
dZ

� ��mnr
2
n � Jzzn ���T �z�L (A6)

M12 �M21 �M23 �M32 � 0 (A7)

Here and in the following equations, the superscript T denotes
transpose operation.

Entries of the stiffness matrix:

K11 �
Z
L

0

fa55V 0V 0Tg dZ (A8)

K12 �
Z
L

0

fa55V 0XTg dZ (A9)

K13 �
Z
L

0

fa56V 0�00Tg dZ (A10)

K21 �
Z
L

0

fa55XV 0Tg dZ (A11)

K22 �
Z
L

0

fa33X0X0T � a55XXTg dZ (A12)

K23 �
Z
L

0

�a37 � a56�X0�0T dZ � �a56X�0T �Z�L (A13)

K31 ��
Z
L

0

fa56�V 000Tg dZ� �a56�V 00T � a56�0V 0T �Z�L

��
Z
L

0

fa56�00V 0Tg dZ (A14)

K32 �
Z
L

0

�a37 � a56��0X0T dZ � �a56�0XT �Z�L (A15)

K33 �
Z
L

0

fa66�00�00T � a77�0�0Tg dZ (A16)
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